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Abstract
A perfect fluid, spatially flat cosmology in a f(T ) model, derived from a recently proposed
general Born-Infeld type theory of gravity is studied. Four dimensional cosmological solutions are
obtained assuming the equation of state p = ωρ. For a positive value of λ (a parameter in the
theory) the solution is singular (of big-bang type) but may have accelerated expansion at an early
stage. For λ < 0 there exists a non-zero minimum scale factor and a finite maximum value of
the energy density, but the curvature scalar diverges. Interestingly, for λ < 0, the universe may
undergo an eternal accelerated expansion with a de Sitter expansion phase at late times. We
find these features without considering any extra matter field or even negative pressure. Fitting
our model with Supernova data we find that the simplest dust model (p = 0), with λ > 0, is
able to generate acceleration and fits well, although the resulting properties of the universe differ
much from the known, present day, accepted values. The best fit model requires (with λ > 0) an
additional component of the physical matter density, with a negative value of the equation of state
parameter, along with dust. The λ < 0 solutions do not fit well with observations. Though these
models do not explain the dark energy problem with consistency, their analysis does shed light on
the plausibility of an alternative geometrical explanation.
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I. INTRODUCTION
Though general relativity (GR) remains so far the most successful classical theory of gravity,
it has been under scrutiny for a long time, particularly in the strong field regime. Many
long standing puzzles such as the resolution of singularities in GR, explanation of the dark
energy problem have led researchers to pursue alternative/modified theories of gravity in the
classical framework and also in quantum theory as well. One such modification is inspired
by the well known Born-Infeld electrodynamics where we are able to regularize the infinity in
the electric field at the location of a point charge [1]. With a similar determinantal structure[√−det(gµν + bRµν)] as in the action of Born-Infeld electrodynamics, a gravity theory in
the metric formulation was suggested by Deser and Gibbons [2]. In fact, the determinantal
form of the gravitational action existed much before through Eddington’s formulation of GR
in de Sitter spacetime [3]. This formulation is affine and the connection is the basic variable
instead of the metric. However, coupling of matter remained a problem in Eddington’s
approach.
A pure metric formulation of the Deser-Gibbons proposal may give rise to a higher derivative
theory of gravity which generally suffers from the ghost instability problem [4]. One way
to get rid of this is to use a Palatini formulation [5], where the metric and connection are
treated independently. As a result, one gets field equations which do not contain fourth
or higher order derivatives of the metric. Along this line of thought, recently, Banados
and Ferreira have come up with a modified gravity theory which is now popularly known
as Eddington-inspired Born-Infeld (EiBI) gravity [6]. Interestingly this theory has non-
singular cosmological solutions [6, 7]. Various astrophysical [8] and other [9] aspects have
been studied in the context of this theory, by different authors.
Another approach to obtain a second order theory is to use the teleparallel formulation,
where the basic variable is the vierbein or tetrad of the local Lorentz frame instead of the
metric or the connection. The gravitational action contains first order derivatives of the
tetrad field. The idea of teleparallelism originally belongs to Einstein in his attempt to unify
gravitational and electrodynamic interaction through a single quantity called the torsion
tensor [10]. Though the attempt was unsuccessful, it gave an alternative description where
the gravitational interaction arises through torsion, instead of curvature. Such description
is known as the teleparallel equivalent of GR (TEGR). It is important because it allows
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us to interpret gravity as a gauge theory [11]. Recently a new class of modified theories
of gravity have been proposed where the torsion scalar, T in the TEGR Lagrangian, is
replaced by a general f(T ), which may explain the accelerated expansion of the universe
[12, 13]. Cosmological solutions have been worked out with different forms of f(T ) by various
authors [14].
In this paper, we consider a f(T ) model reduced from the general Born-Infeld type theory of
gravity proposed by Fiorini [15]. We work out cosmological solutions in the 3+1 dimensional
model. We have found some new results which are different from those shown in previous
Born-Infeld type models [6, 7, 15, 16]. Our 3 + 1 solution is an analytical one. We also
test the model observationally by fitting the supernova data. We have organized our paper
in the following three sections. In Section II we briefly outline the f(T ) model on which
we work. In Section III we show an application in cosmology. Finally, in Section IV, we
summarize our results and conclude.
II. REDUCED f(T ) THEORY FROM A BORN-INFELD THEORY OF GRAVITY
We first give a brief outline of the f(T ) theory of gravity [12] which is a generalisation
of the teleparallel equivalent of General Relativity (GR). In teleparallelism [10, 11], the
fundamental field is not the metric tensor, instead it is the vierbein or tetrad, ei (x
µ) defining
an orthonormal basis for the tangent space at each spacetime point (xµ) on the manifold.
Here Latin indices (i, j, k...) and Greek indices (µ, ν, ρ....) refer respectively to a local Lorentz
frame in the tangent space and general spacetime coordinates of the manifold. The tetrad
field ei (or its dual e
i) can be decomposed into vector components e µi (or inversely e
i
µ) such
that: ei ≡ ∂∂ξi = e µi ∂µ or ei ≡ dξi = eiµdxµ (where, ξi is the coordinate in the local Lorentz
frame) and e µi e
i
ν = δ
µ
ν , e
µ
i e
j
µ = δ
j
i . The distance function, ds
2 = ηije
iej = gµνdx
µdxν . So,
the relations between the metric tensor components and the tetrad field components are
gµν(x) = ηije
i
µ(x)e
j
ν(x) (1)
where ηij = diag.(−1, 1, 1, 1) (in 4D Minkowski space). Instead of using the Levi-Civita con-
nection in Riemannian geometry, here, in absolute parallelism, the curvature-less Weitzenbo¨ck
connection [17] is used, in an attempt to encode the gravitational effects in torsion. The
Weitzenbo¨ck connection is Γ˜ρµν = e
ρ
a ∂νe
a
µ and thus, we construct the torsion tensor whose
3
components are
T ρµν = Γ˜
ρ
νµ − Γ˜ρµν = e ρa
(
∂µe
a
ν − ∂νeaµ
)
(2)
The Lagrangian density for teleparallel equivalent action of general relativity (TEGR) [18,
19] is given by
LT ≡ e
16piG
T =
e
16piG
S µνρ T
ρ
µν (3)
where T is called as Torsion scalar, e is determinant of the matrix eaµ (one can show e =√−|gµν |, where |gµν | is the determinant of metric tensor) and S µνρ is defined as
S µνρ =
1
4
(
T µνρ − T µνρ + T νµρ
)
+
1
2
δνρT
σµ
σ −
1
2
δµρT
σν
σ (4)
Such a torsion scalar differs from the Ricci scalar made up of Levi-Civita connection, by
a total derivative [19]. Hence the TEGR action [Eq. (3)] is completely equivalent to the
Einstein-Hilbert action and reproduces GR. To have a modified theory of gravity, one can
generalise the TEGR action replacing T by a general functional f(T ) in Eq. (3). The
variation of this modified action, including the matter part to it, with respect to vierbein
(e µa ) leads to the field equation [12] (see also [20] for a detailed derivation)
fTT (T )S
ρν
µ ∂ρT + fT (T )
[
1
e
eaµ∂ρ
(
ee βa S
ρν
β
)
+ T ρβµS
βν
ρ
]
− 1
4
δνµf(T ) = −4piGΘ νµ (5)
where fTT =
d2f
dT 2
, fT =
df
dT
and Θ νµ is the usual energy-momentum tensor coupled to the
metric. The field equation (5) can further be rewritten in a more convenient form [21]
fTGµν +
1
2
gµν [f − TfT ] +BµνfTT = 8piGΘµν (6)
where Bµν = 2S
α
νµ ∇αT and Gµν are components of the Einstein tensor. Note that if
f(T ) ≡ T + const., then Eq. (6) reduces to the Einstein’s field equations in GR. Another
important point is that f(T ) theory does not respect local Lorentz invariance in contrast to
GR or TEGR [22].
The teleparallel equivalent of Born-Infeld type theories has also been pursued by some
authors [16, 23]. Fiorini [15] has proposed a theory where a very interesting result of a non-
singular early universe with a natural inflationary phase without any inflationary field has
been found. Fiorini, in his formalism, exploited the same generally covariant determinantal
structure introduced by Born and Infeld [1]. The action for the Born-Infeld type gravity,
proposed in [15] is
IBIG =
λ
16piG
∫
dDx
[√
−|gµν + 2
λ
Fµν | −
√
−|gµν |
]
(7)
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where Fµν = αS
σρ
µ Tνσρ+βS
ρ
σµ T
σ
νρ+γgµνT . In (7), α, β, γ are arbitrary constant parameters
satisfying a constraint relation α + β + γD = 1, where D is the dimensionality of the
theory. The trace of Fµν equals the torsion scalar and in the low energy limit (λ → ∞)
the action reduces to that of TEGR (3). Various combinations of α, β, γ are considered.
The inflationary phases of the early universe in both spatially flat and curved cosmology are
explored in [15] and the occurrence of different types of cosmological singularities are noted
in [24]. In our case here, we consider α = β = 0. Under this assumption, the action (7)
reduces to a f(T ) type action
IBI0 =
λ
16piG
∫
dDx e
[(
1 +
2T
Dλ
)D/2
− 1
]
(8)
The form of f(T ) is identified as
f(T ) = λ
[(
1 +
2T
Dλ
)D/2
− 1
]
(9)
In [15] this action is given but its consequences have not been studied in detail. We obtain
various interesting features of solutions, in the following section.
III. COSMOLOGY
We work out the cosmology in a 4D model (i.e. for D = 4 in Eqs.( 8),( 9)). A homogeneous
and isotropic FRW spacetime which is spatially flat, in D-dimensions has a line element
given as
ds2 = −dt2 + a2(t) [dx21 + dx22 + .....+ dx2D−1] (10)
We assume the matter sector to be that of a perfect fluid having energy-momentum tensor,
Θµν = (p+ ρ) uµuν+pgµν , where ρ is the energy density and p is the pressure. We first write
the field equations in D-dimensions and then look at the D = 4 case. We also summarize
the results for the D = 3 case as a toy model, in the Appendix. We choose vierbein
field as diagonal, {eaµ} = diag.{1, a(t), a(t), ....}. Using previously stated relations we write
down the torsion scalar, the non-zero Bµν , non-zero components of the Einstein tensor,
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fT (T ), fTT (T ) as
T = (D − 1)(D − 2) a˙
2
a2
, (11)
B11 = B22 = .... = B(D−1)(D−1) = −2(D − 2)2(D − 1)a˙2
(
a¨
a
− a˙
2
a2
)
, (12)
G00 =
1
2
(D − 1)(D − 2) a˙
2
a2
, (13)
G11 = G22 = ..... = G(D−1)(D−1) = −
[
(D − 2)aa¨+ 1
2
(D − 2)(D − 3)a˙2
]
, (14)
fT (T ) =
(
1 +
2T
Dλ
)D−2
2
, (15)
fTT (T ) =
(
D − 2
Dλ
)(
1 +
2T
Dλ
)D−4
2
. (16)
It is straight forward to write down the field equations using the expressions (11-16) in
Eq. (6). There are two field equations, one for ρ from Θµν (ρ-equation) and another for p
(p-equation). Further, these two field equations lead to the conservation equation
ρ˙+ (D − 1)H(p+ ρ) = 0 (17)
where H = a˙/a (the Hubble function). If we assume an equation of state: p = ωρ, the
conservation equation leads to a relation between energy density (ρ(t)) and scale factor
(a(t)) given as ρ ∝ a−(D−1)(ω+1).
A. 3 + 1 dimensional cosmological solutions
For the D = 4 case, i.e. 3+1 dimensional cosmological model, the ρ-equation and p-equation
are
3
a˙2
a2
= 8piGρ− 27
2λ
a˙4
a4
(18)
−2 a¨
a
− a˙
2
a2
= 8piGp+
9
2λ
a˙2
a2
(
4
a¨
a
− a˙
2
a2
)
(19)
Note the changes in Eqs. (18), (19) in the R.H.S. of the equations. The L.H.S. is the same as
in GR. The modifications may be treated as geometrical contributions to the effective energy
density and effective pressure. Using the equation of state p = ωρ, H = a˙
a
, a¨
a
= H˙ +H2 and
combining the ρ-equation and the p-equation we get(
1
H2
+ 9
λ
)
H˙(
2
H2
+ 9
λ
)
H2
= −3(ω + 1)
4
(20)
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For λ > 0, we have an analytical solution
1
H
+
3√
2λ
tan−1
(√
2λ
3H
)
=
3
2
(ω + 1)t+ k1 (21)
where k1 is an arbitrary constant. The conservation equation leads to a relation ρ =
C2
a3(ω+1)
(C2 is a constant). Using this relation in Eq. (18), we get
H2 =
λ
9
[√
1 +
48piGC2
λa3(ω+1)
− 1
]
(22)
or, a =
[
16piGC2
6H2 + 27
λ
H4
] 1
3(ω+1)
. (23)
Eq. (21) and Eq. (23) can give an analytical expression for a(t), where H , the Hubble
function, is independent and we have 0 < H < ∞. We note that there is no upper limit of
H and as a consequence a has no lower limit for λ > 0. Thus we have a singular solution.
On the other hand, when t→∞, then a→∞, H2 ≈ 8piGC2
3a3(ω+1)
and a(t) ∼ t 23(ω+1) (GR limit).
The deceleration parameter (q = − a¨
aH2
) expressed as a function of H is:
q =
3(ω + 1)
4
( 2
H2
+ 9
λ
1
H2
+ 9
λ
)
− 1 (24)
For a → 0, H → ∞, q → 3(ω+1)
4
− 1. Note that if ω ≤ 1/3 then q(H → ∞) ≤ 0 implying
accelerated expansion of the early universe. For a → 0, a(t) ∼ (t − t0)
4
3(ω+1) which shows
that a becomes zero in the finite past and the singularity is a big-bang singularity. In
Fig. 1, on the top panel, the plot of the scale factor (a) shows an accelerated expansion of
an early dust-filled-universe (clearly shown in the inset figure) and at late times, the plot
merges with GR-solution, as expected. The bottom panel shows the plots of the deceleration
parameter for different equations of state. We note that, for ω ≤ 1/3, the universe has a
phase transition from accelerated expansion state to a decelerated expansion state in a finite
future time.
Let us now turn to λ < 0. Eq. (20) becomes(
1
H2
− 9|λ|
)
H˙(
2
H2
− 9|λ|
)
H2
= −3(ω + 1)
4
(25)
This equation has a solution:
1
H
− 3
2
√
2|λ| log


√
2|λ|
3H
− 1√
2|λ|
3H
+ 1

 = 3(ω + 1)
2
t+ k2 (26)
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FIG. 1. (Top panel) Plot of scale factor a for λ = 1.0, p = 0 in 3+1 cosmology and comparison with
its counterpart in GR. (Bottom panel) Plot of deceleration parameter (q) for different equations of
state. In the solutions, C2 = 1, k1 = 0 and 8piG = 1.
where k2 is an arbitrary constant. Now from conservation equation and ρ-equation we get
H2 =
(
a˙
a
)2
=
|λ|
9
[
1±
√
1− 48piGC2|λ|a3(ω+1)
]
(27)
The ‘±’ sign in the equation is to be noted carefully since it indicates two different solutions.
For both the solutions, there is a minimum scale factor aB =
(
|λ|
48piGC2
)− 1
3(ω+1)
, where ρ is
maximum and H2 has the value H2(aB) =
|λ|
9
. For large a (a → ∞), H2 → 0 or 2|λ|
9
.
Equation (26) and equation (27) with negative sign in the second term in the square bracket
on the R.H.S. leads to a scale factor a(t) representing decelerated expansion of universe.
At late times this solution converges to a GR solution. The positive sign of the second
term in the square bracket on R.H.S. of Eq. (27) leads to a solution representing accelerated
8
expansion. At late times, we have de Sitter expansion phase
(
a(t) ∼ e
√
2|λ|
3
t
)
. Both these
solutions can be obtained from
a =

 8piGC2
3H2
(
1− 9H2
2|λ|
)


1
3(ω+1)
(28)
and, t =
2
3(ω + 1)

 1
H
− 3
2
√
2|λ| log


√
2|λ|
3H
− 1√
2|λ|
3H
+ 1

− k2

 . (29)
For the first type of solution H2 ≤ |λ|
9
and for the other 2|λ|
9
≥ H2 ≥ |λ|
9
. The expression for
the deceleration parameter (q) as a function of (H) becomes
q =
3(ω + 1)
4
(
2
H2
− 9|λ|
1
H2
− 9|λ|
)
− 1 (30)
When H2 ≤ |λ|
9
, q > 0 and for H → 0, q(H → 0) ≈ 3ω+1
2
(GR limit). On the other hand,
when 2|λ|
9
≥ H2 ≥ |λ|
9
, q < 0 and when H2 → 2|λ|
9
, q → −1 (de Sitter expansion stage).
Fig. 2 also demonstrates these characteristics of the solutions.
At the minimum value of the scale factor (aB),
a¨
a
diverges which is evident from Eq. (25).
Hence the Ricci scalar (R) also diverges at minimum scale factor, although energy density
and pressure remain finite. Thus we do not have a big-bang singularity where the scale
factor becomes zero and the Ricci scalar as well as all physical quantities like ρ, p becomes
infinite.
B. Observational test of the theory from fitting the Supernova data
It is known that the f(T ) gravity has been studied with reference to observational cos-
mology [25, 26]. Now we test the viability of the theory (and the solutions discussed above)
with the cosmological observations. We constrain the model parameters from fitting of the
Supernova data and using the fitted parameter values, we estimate the properties of the
universe and compare those with the known values– such as the age of the universe, the
value of the deceleration parameter etc. To fit the Supernova data with our model, we fol-
low the method used in [27], wherein the authors have studied the expansion history of the
universe upto a redshift z = 1.75 using the 194 Type Ia supernovae (SNe Ia) data published
in [28, 29]. We define the Hubble free luminosity distance (dL) using DL = cH
−1
0 dL, where
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FIG. 2. (Top panel) Plot of scale factor a(t) for λ = −1.0, p = 0 in 3+1 cosmology and comparison
with its counterpart in GR. (Bottom panel) plot of deceleration parameter for different equations
of state.In the solutions, C2 = 1, k2 = 0 and 8piG = 1.
DL is the luminosity distance, H0 is present day observed value of the Hubble parameter
and c is the speed of light. So the expression of the Hubble free luminosity distance is given
by
dL(z) = (1 + z)
∫ z
0
dz′
H0
H(z′)
(31)
The observational dataset consists of apparent magnitudes mi(zi) and redshifts zi with their
corresponding errors δmi and δzi. Each apparent magnitude is related to the corresponding
luminosity distance DL of the SNe Ia by
m(z) = M + 5log10
[
DL(z)
Mpc
]
+ 25 (32)
where M is the absolute magnitude which is assumed to be constant for standard candles
like SNe Ia. Using the definition of the Hubble free luminosity distance (dL), Eq. (32) can
10
be rewritten as
m(z) = M¯(M,H0) + 5log10(dL(z)) (33)
where M¯ is the magnitude zero point offset expressed as
M¯ = M + 5log10
[
c/H0
1Mpc
]
+ 25 (34)
The observed mi(zi) can be translated to d
obs
L (zi) for the best fit value of M¯obs obtained from
nearby SNe Ia [27]. For a given model H(z; a1, a2, ..., an), one can also theoretically predict
the dthL (z) using the Eq. (31). The best fit values of the model parameters (a1, a2, ...., an) are
estimated by minimizing the χ2(a1, a2, ...., an) which, in this case, is given by [27]
χ2(a1, a2, ...., an) =
194∑
i=1
(
log10d
obs
L (zi)− log10dthL (zi)
)2
(
σlog10dL(zi)
)2
+
(
∂log10dL(zi)
∂zi
σzi
)2 (35)
where σz is 1σ redshift uncertainty of the data and σlog10dL(zi) is 1σ error of log10d
obs
L (zi).
We use the same table of data which was used by the authors in [27] and it can be down-
loaded from [30]. Each row of the table of data contains redshift z, log10(cd
obs
L (z)) and the
corresponding error σlog10dL . The error in redshift σz is estimated from uncertainty due to
peculiar velocities, ∆v = ∆(cz) = 500 km/s, i.e. σz = ∆z = (500 km/s)/c.
Now we apply this method to our model. First, we bring back c in the field equations–
earlier, it was assumed that c = 1. Then, the torsion scalar becomes T = 6H
2
c2
and in all the
equations and solutions, following replacements should be made: λ → λc2 and p → p/c2.
Here, we note that both λ and the torsion scalar (T ) have the dimension of 1/(distance)2.
Similarly, the equation of state should be: p = ωρc2. In our analysis, we stress upon the fact
that there are contributions from spacetime geometry like the energy density and pressure
in the field equations and these are the terms involving λ. Here, we rewrite the ρ-equation
[Eq. (18)] in the following way:
3
(
a˙
a
)2
= 8piGρ− 27
2λc2
(
a˙
a
)4
= 8piGρeff ,
ρeff = ρ− 27
16piGλc2
(
a˙
a
)4
(36)
where, ρeff is the “effective energy density” which consists of ρ, the energy density coming
from the stress-energy tensor, and the second term, coming from spacetime geometry. Then
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the present day (redshift z = 0) value of the effective energy density is same as the present
day value of the so-called critical density, i.e. ρeff (z = 0) = ρc0 = 3H
2
0/8piG. Now if
we assume the physical matter, filling the universe, to be mostly the dust-like, then ρ =
Ωm0ρc0(1 + z)
3. Then, from the Eq. (36), we get that
12piGρc0
λc2
= Ωm0 − 1 (37)
So, if λ is a finite positive value then, from Eq. (37), it is evident that Ωm0 > 1. But, from
the WMAP7 [31] determination of the physical matter density, it is known that Ωm0 ≈ 0.3.
So, this indicates that λ is to be a negative value which further leads to a solution for the
scale factor a(t) having a minimum value aB [Eq. (27)] or, consequently, a maximum finite
value of redshift (z∞). In this case, z∞ turns out to be 0.06 which is absurd. At least, from
CMBR spectrum, we may expect z∞ > 1000. However, we let Ωm0 be a free parameter and
fit the Supernova data with the following model (derived from Eq. 22 ):
dL(z;α, ω) = (1 + z)
∫ z
0
[ √
1 + α− 1√
1 + α(1 + z′)3(ω+1) − 1
] 1
2
dz′ (38)
where, ω is also a free parameter, but with a constraint ω > 0. Here, α = Ωm0
48piGρc0
λc2
. The
best fit value of the parameters are α = 2.15×108 and ω = 0 (i.e. dust), with χ2min/d.o.f. =
1.06. Fig. 3 shows that the Supernova data fitting, with this model, is very close to ΛCDM
model [27]. The best fit parameter-values have been estimated and the figure has been
plotted by use and modification of the Mathematica code available in [30]. We use a prior
value H0 = 70 km/s/Mpc and estimate λ = 3.342× 10−11Mpc−2.
Using the estimated parameter values, we find that Ωm0 = 7331.94, which indicates
more than twenty thousand times greater value of the physical matter density than what is
estimated from WMAP7. The reason behind it is that though the geometrical contribution
to the “effective pressure” favors the acceleration, it does so at the price of a negative energy
density contribution in the total “effective energy density” and it is so high in magnitude
that, in compensation, the physical matter density also becomes very high. Moreover, we
estimate the age of the universe as t0 ≃ 18.67 Billion years, where as its presently accepted
value is close to 14 Billion years. The present value of the deceleration parameter is also
estimated and it is found to be q0 ≃ −0.25; but from the cosmological observations, we
know that it should be close to a value of −0.64. So, it is clear that this model though
12
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fits the Supernova data well, is not in good agreement with expected model independent
properties of the universe. However, this model is better than SCDM model (the model in
GR with only dust as physical matter of the universe but without cosmological constant)[27]
which does not provide acceleration at all. A similar analysis tells us that the models with
negative-λ solutions do not fit good to the data.
Now, we turn to investigate that if we can have a better model by the addition of an
extra constituent along with the dust in ρ. We use a prior value Ωm0 = 0.3 for the dust
and assume that ρ = 0.3ρc0(1 + z)
3 + Ωextρc0(1 + z)
3(ωe+1). We find that Ωext − Ωλ = 0.7,
where Ωλ =
12piGρc0
λc2
, so that the remaining part, except the dust, in the critical density ρc,
equals to the sum of the extra constituent and the geometrical contribution. Now Eq. (38)
becomes
dL(z; Ωλ, ωe) = (1 + z)
∫ z
0
[
2Ωλ√
1 + 4Ωλ{0.3(1 + z′)3 + (0.7 + Ωλ)(1 + z′)3(ωe+1)} − 1
] 1
2
dz′
(39)
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The best fit value of the parameters in this model are estimated and found to be Ωλ =
5.992 × 10−9 and ωe = −0.923, with χ2min/d.o.f. = 1.04. In this model, we found λ =
41.0Mpc−2, the age of the universe t0 = 13.33 Billion years and the present day value of the
deceleration parameter q0 = −0.47.
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FIG. 4. In the top-left panel, observed 194 SNe Ia Hubble free luminosity distance along with the
fitted curve (solid red line), using the model [Eq. (39)], is shown and it is also compared with the
ΛCDM model (black dashed line)[27]. In the top-right panel, 1σ and 2σ error plots are shown in
2-D parameter space (ωe− log10Ωλ). In the bottom-left panel, the scale factor has been plotted as
a function of time using the best fit parameter values (the solid red line) and it is compared with
the same for ΛCDM model (the black dashed line); the unit of time used is 1/H0 ≈ 14GY r. In the
bottom-right panel, the deceleration parameter (q) is plotted as a function of redshift parameter
(z).
This model is very close to ΛCDM model in GR, since all the estimated properties of
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the universe and the scale factor evolution matches very closely with ΛCDM model (see
Fig. 4). Actually, the ratio of the present day value of the torsion scalar (T0) and λ is so
small (T0/λ = 8.0× 10−9) that we can say that, in this model, the law of gravity is mostly
governed by GR. Moreover, in this model, we use an extra constituent with ωe = −0.923
(quite similar to GR), and therefore, it does not give an explanation of the dark energy
problem.
We further work with the models like ωe(z) = ω0 + ω1z and ωe(z) = ω0 + ω1z/(1 + z), with
the hope that ωe(z) > 0 for all z. But, we do not see much qualitative difference from GR.
Also, such models may have further problems like future singularities.
IV. CONCLUSIONS
In this article we have examined the cosmology resulting from a new Born-Infeld like
f(T ) theory of gravity. We have considered a spatially flat universe driven by a perfect fluid
with non negative pressure.
The cosmological solutions presented here possess the following features. If λ > 0 the
solutions are singular of big-bang type but may have an early accelerated expansion phase
though not inflationary. If λ < 0 the solutions are still singular but not of big-bang type,
rather these are “softened” as there is a non-zero minimum scale factor and finite maximum
values of energy density and pressure. The curvature scalar diverges and hence, such sin-
gularity is a purely geometrical feature. This type of singularity has been reported earlier
in different contexts [32]. In [24] it is shown that such singularity also occurs in a differ-
ent model of the Born-Infeld type ([15]) cosmology and the authors call it as the “Sudden
singularity”.
Interestingly, if λ < 0, there may be an eternal accelerated expansion of the universe
with a de Sitter expansion phase at late times. This is an intriguing result because we have
assumed the universe filled with only ordinary matter (p = ωρ, ω > 0). Thus the late
time acceleration of the universe is a natural consequence of the theory and it boosts the
belief that such a modification to GR can give a plausible alternative explanation of dark
energy. Particularly this feature is absent in other Born-Infeld type theories like the recently
proposed Eddington-inspired Born-Infeld gravity [6, 7].
It is worth mentioning that, in [16], the authors have considered a relatively straight
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forward extension of TEGR along the lines of Born-Infeld scalar Lagrangian for electrody-
namics [1]. Our results are quite different from the results presented in [16], where they have
shown how the early universe can possess a natural inflationary stage and during this phase
the scale factor asymptotically reaches zero value in an infinite past time. The curvature
scalar is regular though energy density and pressure diverge.
One major purpose of such a modification to the theory of gravity, GR, is to explain the
observed acceleration of the universe with an extra geometrical term in the field equations,
but, without invoking any extra matter constituent of the universe such as the dark energy.
Cosmology has been studied well in the f(T )-theory of gravity with different chosen forms
of f(T ). In our article, the form of f(T ) is not ad hoc, but, derived from a general Born-
Infeld theory of gravity in teleparallel approach. Fitting the Type Ia supernovae data with
the cosmological solutions of this Born-Infeld-f(T ) theory of gravity throws some light on
the plausibility of a geometrical explanation of the dark energy. We see in our first model
(Eq. 38) that, indeed, it may be possible. But the problem with this model is that, though
it is able to generate the acceleration, the estimated properties of the universe differ widely
from currently accepted values. The best model is found to be that where we assume an
additional constituent of negative pressure (best fit value of ω = −0.923) along with the
dust, in the physical matter density. However, the theory of gravity, considered here, is just
one class of Born-Infeld theories of gravity and it may be possible to find more meaningful
results in some other variations.
Finally we conclude with a few relevant questions. Can we get a model of natural infla-
tionary universe in the same framework ? The answer lies in the fact related to the violation
of Lorentz invariance in f(T ) theory, which leaves the possibility of finding a new class of
tetrads (not a diagonal one) for that purpose. We have seen that if λ < 0 we have two kinds
of solutions. Here cosmological fluctuations may be important in the selection of either of
these and hence it is worth exploring. Further, we can ask– can we get new vacuum spher-
ically symmetric static spacetimes different from the black holes in GR ? What is the role
of the torsion scalar in such a situation? Finding answers to all of the above questions may
give useful information which can shed light further on the viability of the theory .
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Appendix: 2 + 1 dimensional cosmology
In D = 3 case, the ρ-equation and p-equation are given as,√
1 +
4
3λ
a˙2
a2
(
4
3
a˙2
a2
− λ
2
)
+
λ
2
= 8piGρ (A.1)
√
1 +
4
3λ
a˙2
a2
(
a¨
a
+
1
3
a˙2
a2
− λ
2
)
+
λ
2
+
4
3λ
a˙2
a2
(
a¨
a
− a˙2
a2
)
√
1 + 4
3λ
a˙2
a2
= −8piGp (A.2)
We now analyze Eqs.(A.1),(A.2) for the scale factor (a(t)) for both positive and negative
values of λ with the equation of state p = ωρ ( ρ ∝ a−2(ω+1)). For a positive value of λ,
the ρ-equation (A.1) indicates that as a → ∞, a˙2
a2
→ 0 and as a is decreased from ∞, a˙2
a2
increases monotonically without any upper limit, leading to a singularity when the scale
factor (a) becomes zero. For sufficiently small value of a˙
2
a2
, one can expand the L.H.S. of the
ρ-equation (A.1) upto lowest order: 8piGρ = a˙
2
a2
+O
(
a˙4
a4
)
, which means that the evolution
of the late time universe is governed by GR. But at early times, the evolution is different
from GR. To see this, we combine the ρ-equation and the p-equation to get
a¨
a
= H2 −
8piG(ω + 1)ρ
√
1 + 4H
2
3λ
1 + 8H
2
3λ
(A.3)
We solve (A.3) numerically and find the behaviour of deceleration parameter (q) in this
modified theory. We know that, in 2+1 dimension, for a dust filled universe (p = 0), in GR,
q = 0. But in Fig. 5, we note that the deceleration parameter (q) is always negative, implying
an accelerated expansion of the universe, though it approaches a zero value asymptotically
at late times.
We also vary the equation of state parameter (ω) and try to find the behaviour of the
deceleration parameter. In Fig. 6, for 0 < ω < 1/2, we note that there is accelerated
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FIG. 5. Plot of scale factor (a(t)), Hubble function (H(t)), energy density (ρ(t)) and deceleration
parameter (q(t)) for p = 0, λ = 1.0 in 2 + 1 cosmology. In the numerical solutions, the initial
conditions are assumed as: a(t = 0) = 0.001, a˙(t = 0) = 1.0, 8piG = 1.
expansion of the early universe but there is a finite future time where the evolution of the
universe changes over from accelerated expansion to a decelerated expansion phase. For all
ω, the deceleration parameter reaches its GR limit at late times.
Let us now move on to negative-λ solutions. The ρ-equation (A.1) becomes√
1− 4
3|λ|
a˙2
a2
(
4
3
a˙2
a2
+
|λ|
2
)
− |λ|
2
= 8piGρ (A.4)
From an analysis of the L.H.S. of Eq. (A.4), we find that there is a minimum scale factor:
aB =
[
16piGC1
|λ|(√2−1)
] 1
2(ω+1)
, where C1 is a constant
(
ρ = C1
a2(ω+1)
)
. At aB, energy density is max-
imum and its value is ρB =
|λ|(√2−1)
16piG
. A close inspection of Eq. (A.4) reveals that we have
two kinds of solutions: (i) the Hubble function H = a˙/a has a finite maximum value at
the minimum scale factor (H2|a=aB = 3|λ|/8) and it decreases monotonically as a increases
with time and asymptotically approaches to zero value for large a; (ii) as a increases the
Hubble function (H) also increases from its value at aB and asymptotically approaches to a
18
Ω=0.0
Ω=0.1
Ω=0.2
Ω=0.3
Ω=0.4
Ω=0.5
0 2 4 6 8 10
- 0.2
0.0
0.2
0.4
t
q
Λ =1.0
FIG. 6. Plot of deceleration parameter for different ω, for λ = 1.0 in 2 + 1 cosmology.
maximum value
√
3
√
3|λ|
8
for a→∞. This becomes more evident from Eq. (A.3) which now
becomes
a¨
a
= H2 +
3|λ|piG(ω + 1)ρ
√
1− 4H2
3|λ|
H2 − 3|λ|
8
(A.5)
In the second term of the R.H.S. of Eq. (A.5), the sign of the denominator changes for the two
types of solutions and this creates the difference. For one type of solution [(i)], H2 ≤ 3|λ|
8
and
the second term is always negative. This type of solution describes decelerated expansion of
the universe and at late times reduces to the solution in GR (a ∼ t 1ω+1 ). For the other type
[(ii)-solution], 3
√
3|λ|
8
≥ H2 ≥ 3|λ|
8
, and the second term is always positive. This describes
an accelerated expansion of the universe for all time and for very large a, the universe has
a de Sitter expansion stage
(
a ∼ e
√
3
√
3|λ|
8
t
)
. Similar to the 3 + 1 case, here also at aB,
a¨
a
diverges since denominator of the second term in the R.H.S. of Eq. (A.5) becomes zero. So
these solutions are also singular though the scale factor has a non-zero minimum value and
the energy density and pressure have finite maximum value for λ < 0.
All these features, for both positive and negative λ, are similar to what we have seen in
3 + 1 cosmology and these are summarized in the Table I.
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